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We carry out a complete group classification of the nonlinear Lane–Emden systems in
dimension two. The Noether symmetries are found and their corresponding conservation
laws are established.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
The Lane–Emden system{
u + vq = 0,
v + up = 0, (1)
where x = (x1, . . . , xn) ∈ Rn are the independent variables, u = u(x), v = v(x) are the dependent variables, p,q ∈ R are
constants and up = |u|p−1u, vq = |v|q−1, has been studied by many authors [3,7,9,11,13–18,23–25,27,28]. Recall that the
system (1) is a generalization of the well-known Lane–Emden equation
u + up = 0, (2)
which models, in astrophysics, the polytropic structure of stars.
Some of the papers have focused in radial ground state solutions of (1) considering the following system of ordinary
differential equations:⎧⎪⎨
⎪⎩
u′′ + n − 1
r
u′ + vq = 0,
v ′′ + n − 1
r
v ′ + uq = 0,
(3)
where r = |x|, u′ = du/dr, etc. See for instance [3,11,13,16,17].
A big variety of methods have been used in the study of the Lane–Emden system (1) which, we shall not going into,
directing the interested reader to the afore-mentioned papers and the references therein. We would also like to observe
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and v , e.g., see [9,27].
With regard to Lie symmetries, in [3] it is shown that if n  3, a Lie point symmetry of the ODE system (3) is a Noether
symmetry if and only if its parameters p and q belong to the critical hyperbola
n
p + 1 +
n
q + 1 = n − 2. (4)
The hyperbola (4) is called critical since for (p,q) in the first quadrant it plays an analogous role of the critical Sobolev
exponent (n + 2)/(n − 2) dividing the existence and nonexistence of positive solutions of the Lane–Emden equation (2)
[10,14,15,23–25].
In [16] the authors studied a generalized system obtained from (3) by replacing vq and up with f (v) and g(u), respec-
tively, and obtained first integrals corresponding to the Noether operators. In [17] the same authors construct Noether and
partial Noether operators corresponding to a (partial) Lagrangian for a coupled Lane–Emden system.
In regard to Eq. (2), its Lie point symmetry group and conservation laws are well known. For example, see [26] for a
complete group classification and [4] for a complete group classification and conservation laws in a more general context.
Although these advances regarding the radial form of (1) (and generalizations), to the authors’ knowledge, the methods of
modern group analysis have not been used in the study of the system (1). Hence the aim of this paper is to compensate this
absence by performing a complete group classification, finding the Noether symmetries and establishing the conservation
laws for the bidimensional Lane–Emden system{
uxx + u yy + vq = 0,
vxx + v yy + up = 0, (5)
where u = u(x, y), v = v(x, y) and p,q /∈ {0,1}. The last condition ensures the nonlinearity of (5). In fact, the four linear
systems of type (5) are not so interesting since they are either a set of two uncoupled equations (p = q = 0), or, in the other
cases, can be reduced to a single linear biharmonic partial differential equation, whose symmetries are established in [26].
We emphasize that no other conditions on the exponents p and q are assumed.
We note that the Lane–Emden system (5) is a particular case of the nonlinear generalization of the two-dimensional
Navier’s equations in elastostatics [21,6].
The system (5) can be viewed as a model problem. The next step in this research is to study the Lie point symmetries of
more general elliptic systems of Lane–Emden type in the higher dimensional case n  3 as well as the invariant solutions
for n  2. This will be treated elsewhere.
In Section 2 we present the group classification of (5). In Section 3 we obtain the Noether symmetries from the Lie
point symmetries found previously and establish their corresponding conservation laws. In particular, we obtain that the
Lane–Emden system (5) admits a dilation which determines a variational symmetry if and only if
p + q + 2 = 0 (6)
for p = −1, q = −1. Hence, in the sense of [5], we may call (6) the critical straight line and the corresponding system (5)
critical Lane–Emden system in dimension two. The critical straight line (6) could play the role of the critical hyperbola (4)
in the higher dimensional radial case. This remains to be investigated thoroughly.
2. Group classification
In this section we carry out a complete group classification of the system (5). Here we assume that the reader is familiar
with the S. Lie symmetry theory. For we recommend the diligent reader to consult [1,2,8,12,21] where the fundamental
facts on the applications of Lie groups to differential equations can be found.
Let us introduce the usual notations ux = ∂u∂x , η1,x = ∂η1∂x , etc. We shall also use the Einstein summation convention over
repeated indices, which run from 1 to 2.
We consider the vector filed
X = ξ1(x, y, u, v) ∂
∂x
+ ξ2(x, y, u, v) ∂
∂ y
+ η1(x, y, u, v) ∂
∂u
+ η2(x, y, u, v) ∂
∂v
(7)
which is an infinitesimal generator of a Lie point symmetry. Then applying its second order prolongation to the system (5)
and following the Lie algorithm, we obtain that the symmetries determining equations read
η2,xu = η1,xu = η2,xv = η1,xv = η2,yu = η1,yv = η2,uu = η1,uu = η2,uv = η1,uv = η1,v v = 0,
ξ1u = ξ2u = ξ2v = ξ1v = ξ1y + ξ2x = ξ2y − ξ1x = 2η1,yu − ξ1xy − ξ2xx = 2η2,yv − ξ1xy − ξ2xx = 0,
pup−1η1 − upη2,v − vqη2,u + 2upξ1x + η2,xx + η2,yy = 0,
qvq−1η2 − vqη1,v − vqη1,u + 2vqξ1x + η1,xx + η1,yy = 0.
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ξ1y + ξ2x = 0,
ξ2y − ξ1x = 0,
(8)
η1 = k1u + k2 v + ϕ(x, y), (9)
η2 = k3u + k4 v + ψ(x, y), (10)
ψ + pϕup−1 + pk2 vup−1 − k3 vq +
(
pk1 − k4 + 2ξ1x
)
up = 0, (11)
ϕ + qψ vq−1 + qk3uvq−1 − k2up +
(
qk4 − k1 + 2ξ1x
)
vq = 0. (12)
We observe that (8) corresponds to the Cauchy–Riemann equations. Based on the results established in [4] we can assert
that they arise from the metric structure of the Euclidean plane R2.
We solve the system (8)–(12) proceeding on a case by case basis. In the next table we present the summarized results
providing a complete group classification of (5). The used below symbol ∀ means that the corresponding parameter assumes
arbitrary values.
p q ξ1 ξ2 η1 η2
∀ ∀ k1x + c1 y + c2 k1 y − c1x + c3 2 1+q1−pq k1u 2 1+p1−pq k1 v
∀ 0 k1x + c1 y + c2 k1 y − c1x + c3 2k1u ψu + 2(1 + p)k1 v + ψ,
where ψ = k3 = const
∀ 1 k1x + c1 y + c2 k1 y − c1x + c3 41−p k1u 2 1+p1−p k1 v
∀ −1 k4x + c1 y + c2 k4 y − c1x + c3 0 2k4 v
0 ∀ k1x + c1 y + c2 k1 y − c1x + c3 2(1 + q)k1u + ϕv + ϕ,
where ϕ = k2 = const
2k1 v
1 ∀ k1x + c1 y + c2 k1 y − c1x + c3 2 1+q1−q k1u 41−q k1 v
−1 ∀ k1x + c1 y + c2 k1 y − c1x + c3 2k1u 0
1 −1 k4x + c1 y + c2 k4 y − c1x + c3 0 2k4 v
−1 1 k1x + c1 y + c2 k1 y − c1x + c3 2k1u 0
−1 0 k1x + c1 y + c2 k1 y − c1x + c3 2k1u ψu + ψ,
where ψ = k3 = const
0 −1 k4x + c1 y + c2 k4 y − c1x + c3 ϕv + ϕ,
where ϕ = k2 = const
2k4 v
−1 −1 (k1 + k4)x + c1 y + c2 (k1 + k4)y − c1x + c3 2k1u 2k4 v
1
q = 0, ±1 c1 y + c2 −c1x + c3 k1u pk1 v
q = 0, ±1 k1x + c1 y + c2 k1 y − c1x + c3 21−p k1u 21−p k1 v
Our main result is given by the following
Theorem 1. For arbitrary value of p and q, a basis to the Lie point symmetry generators of the Lane–Emden system is given by
L1 = ∂
∂x
, L2 = ∂
∂ y










+ 2 1 + q
1 − pq u
∂
∂u
+ 2 1 + p




For some special choices of p and q, the Lie point symmetry group can be enlarged. Below we list the special cases and the additional
generators to (13).
1. For p arbitrary and q = 0, the generators are L p,0 and
Lψ = (ψu + ψ) ∂
∂v
, (15)
where ψ satisfies the constraint ψ = const.
2. For p arbitrary and q = 1, the generator is L p,1 .
3. For p arbitrary and q = −1, the generator is L p,−1 .
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Lϕ = (ϕv + ϕ) ∂
∂u
, (16)
where ϕ satisfies the constraint ϕ = const.
5. For p = 1 and q arbitrary, the generator is L1,q.
6. For p = −1 and q arbitrary, the generator is L−1,q.
7. For p = 1 and q = −1 the generator is L1,−1 .
8. For p = −1 and q = 1 the generator is L−1,1 .
9. For p = −1 and q = 0, the generators are L−1,0 and (15).
10. For p = 0 and q = −1, the generators are L0,−1 and (16).
11. For p = q = −1, the generators are













12. For pq = 1, (q − 1)(q + 1) = 0, the generator is





13. For p = q, q(q − 1)(q + 1) = 0, the generator is













Proof. Let (7) be a Lie point symmetry generator of the Lane–Emden system (5). Then the symmetry coefficients satisfy
Eqs. (8)–(12). Solving the latter system we then conclude that ξ1, ξ2, η1, η2 are as listed in the table. Substituting these
functions into (7) we obtain the cases listed in the theorem. 
3. Noether symmetries and conservation laws

















− D y ∂
∂v y
are applied to the Lagrangian






p+1, if p = −1,





q+1, if q = −1,
ln |v|, if q = −1,
the Lane–Emden system (5) is obtained. (Here Dx and D y are the respective total derivative operators.)
3.1. The Noether symmetries
We recall that a Lie point symmetry generator (7) determines a Noether symmetry of the Lane–Emden system (5) if the
equation
X (1)L + L Diξ i = Di Ai (20)
holds for some potential field A = (Ai), where Ai = Ai(x, y, u, ux, u y), i = 1,2, X (1) is the first order prolongation of X ,
D1 = Dx and D2 = D y . The vector field X is called variational symmetry whenever Eq. (20) holds with A = 0. A Noether
symmetry which is not a variational symmetry is called divergence symmetry.
It is easy to see that the symmetry generators (15), (16) and (18) are not Noether symmetries.
3.2. The translational symmetries
Consider the translational symmetry L1. Thus, L
(1)
1 = L1, L(1)1 L = Diξ i = 0, where L is the Lagrangian (19), and (20) holds
with A1 = A2 = 0. Hence L1 is a variational symmetry. Analogously we conclude that L2 also is a variational symmetry.
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Consider the rotation generator L3. It is easy to calculate that its first order prolongation









and that L(1)3 L = Diξ i = 0, where L is the Lagrangian (19). Hence (20) holds with A1 = A2 = 0 and one concludes that L3
is a variational symmetry.
3.4. The dilational symmetry L p,q
3.4.1. Case p = −1 and q = −1
With regard to the generator (14) with p = −1 and q = −1, a straightforward calculation shows that
L(1)p,q = Lp,q + 1 + (p + 2)q1 − pq ux
∂
∂ux
+ 1 + (p + 2)q
1 − pq u y
∂
∂u y
+ 1 + (q + 2)p
1 − pq vx
∂
∂vx
+ 1 + (q + 2)p




L(1)p,q L + L Diξ i = 2 2 + p + q1 − pq L, (21)
where L is given by (19). Then the dilational symmetry L p,q , p = −1, q = −1, is a Noether symmetry if and only if
p +q+2 = 0. In fact, in this case the symmetry is variational. However, observe that in the particular case when p = q = −1,
the generator L p,p does not determine a Noether symmetry.
3.4.2. Case p = −1 or q = −1
Suppose p = −1 and q = −1–arbitrary. In this case F (u) = ln |u|. Then
L(1)−1,q L + L Diξ i = 2L − 2.
It follows that L−1,q is not a Noether symmetry. The same argument proves that L p,−1, p = −1, as well as V 1, V 2, defined
in (17), cannot be Noether symmetries.
Our deductions can be summarized in the form of the following
Theorem 2. The Noether symmetry group of the Lane–Emden system (5) is the variational symmetry group generated by (13) and (14)
with p + q + 2 = 0, p = −1, q = −1.
3.5. Conservation laws
In 1918 Emmy Noether [20] proved that for systems of equations arising from a variational principle, every conservation
law is associated to a symmetry property, and vice-versa. For example, it is well known that translational invariance in time
implies the conservation of the energy, the spatial translational invariance implies the conservation of momentum, etc.
Although many methods of finding conservation laws have been developed after the Noether work (see [19] for some
of these methods), for system of equations which are Euler–Lagrange equations of the action functional, the Noetherian
approach is the simplest, most powerful and useful way for establishing conservation laws. The major difficulty in using the
Noether Theorem is to find the potential A in (20). However, since the Noether symmetries in the cases listed before are
actually variational symmetries, the potentials are zero. So far, we have at our disposal all ingredients we need in order to
apply the classical approach proposed by Noether.
We recall that a conservation law for a system of PDE (or ODE) is a divergence expression Div C = Di C i which vanishes
for all solutions of the system. The vector C = (C i) is called conserved vector.
For further details concerning conservation laws, we recommend the reader to read the excellent work [22, Section II].
See also [1,2,8,12,21].
From the Noether Theorem, a conserved field associated to the symmetry X is given by
C i = ξ i L + ∂L
∂u ji
(
η j − u jsξ s
) − Ai, (22)
where Ai , i = 1,2, is determined by (20) and x1 = x, x2 = y.
Since the Noether symmetries in the cases listed before are actually variational symmetries as already mentioned, the
potentials Ai = 0. Then substituting the components of the variational symmetries into (22), where the Lagrangian is given
by (19), a straightforward calculation shows that
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C1 = −ux vx + u y v y − F (u) − G(v),
C2 = −ux v y − u y vx. (23)
• For the translational symmetry L2, the components of the conserved vector are
C1 = −ux v y − u y vx,
C2 = ux vx − u y v y − F (u) − G(v). (24)
• For the rotational symmetry L3, the components of the conserved vector are
C1 = xux v y + xu y vx − yux vx + yu y v y − yF (u) − yG(v),
C2 = −xux vx + xu y v y − yux v y − yu y vx + xF (u) + xG(v). (25)
• For the dilational symmetry L p,q , with p + q + 2 = 0 and p = q, the components of the conserved vector are
C1 = 2
1 + q uvx −
2
1 + q vux + x
u−1−q
1 + q − x
v1+q
1 + q − xux vx + xu y v y − yu y vx − yux v y,
C2 = 2
1 + q uv y −
2
1 + q vu y + y
u−1−q
1 + q − y
v1+q
1 + q − xux v y − xu y vx − yu y v y + yux vx. (26)
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